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Chapter

6

| Day 1 |

Tangents and Normals

Basic definition y
Slope (Gradient) of a line
The trigonometrical tangent of the angle that a line
makes with the positive direction of x-axis in 8 >
anticlockwise sense is called the slope or gradient of 0 x
the line .

Slope of a line in terms of coordinates of any two points on it
Let P(x1, y1) and Q(x2, y2) be two points on a line. Then its slope m is given by

y¥2—y1 __ Difference of ordinates

m = = — -
Xp—X1q Difference of abscissae

Slope of a line when its equation is given
The slope of a line whose equation is ax+by+c= 0 is given by
a _ coeff.of x

m= _Z - coeff.of y

Angle between two lines
The angle 6 between two lines having slopes m; and m; is given by

tanf = + (—ml_mz )

1+mym,
When two line are parallel, their slopes are equal.
mp =m;
Two lines of slopes m; and m; are perpendicular, then
m;.m, =—1
Equation of a straight line
The equation of a straight line passing through a point (xi, y1) and slope m is

y—y=mx—x) yT

MNormal

lope of t t—(dy) — tan®
Sopeo angen = dx P— an

slope of normal = ————
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Ilustration

Find the equation of the tangent and normal to the parabola y? = 4ax at the point (at?, 2at)

Solution
The equation of the given curve is
y? =4ax ........(0)
Differentiating (i) with respect to x, we get

dy
2y—=14a
ydx

d 2a
4 _za

dx y

(dy) _ 2a
dx/(at?2at) 2at
1
: -
t

So, that equation of the tangent at (at?,2at) is
dy

— — (ZZ _ 2
y —2at = (dx)(atz,zm) (x — at®)
ory — 2at =%(x— at?)
orty = x + at?

And, the equation of the normal at (at?, 2at) is

y—2at=—(dy;

(x — at?)
a)(aLtZ,ZaLt)

= y—2at = —%(x—atz)
t

= y— 2at = —t(x — at?)

=y + tx = 2at + at?

Ilustration
Find the equation of the tangent and normal to 16x?+ 9y? = 144 at the point (x1, y1) where x; = 2

andy;>0
Solution
The equation of the given curve is
16x2 + 9y? = 144 ... ......... (i)

Since (X1, y1) lies on (i), therefore

16x2 + 9y? = 144

= 16(2)% + 9y? = 144

>y2=2

yr=-
45

=V =5

[+ y1>0]
So, the given point is
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(2%

16x2 + 9y? = 144
dy _
= 32x + 18ya =0

Now,

[Differentiating with respect to x.]

dy _ _lex
dx 9y
dy . 16x2
= (dx)(zl%‘/g) - 45
_8
3vs
So, the equation of the tangent at
(%)
45 _ (dy
5 - (dx)(Zﬂ) (x—2)
3
>y— g =- % (x=2)

=8x+3V5y—36=0
And, the equation of the normal at

(225) is
M5 1
3 (%)(z,ﬂ) (x—-2)
Sy-E=x-2)
f
S y- 1= -2

= 9V5x — 24y + 145 =0

Illustration

Find the equation of the tangent line to y = 2x2+ 7 which is parallel to the line 4x —y + 3 = 0.
Solution

Let the point of contact of the required tangent line be (x1, y1)

The equation of the given curve isy = 2x2+ 7

Differentiating both sides with respect to x, we get

d
D _ 4y
dx

= (d—y) = 4x;
ax/ (x1,y1)

Since the line 4x —y + 3 = 0 is parallel to the tangent at (X1, y1).
- slope of the tangent at (x;, ;) = slope of theline4x —y +3 =0
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d, -4
N
ax/(xy,y,) 1

[ slope — _ coeff.ofx]
coeff.of y
= 4x; =4
=>x, =1
Now,
(x4, y) lies on
y=2x%+7.
ay =2xE+7
>y, =247
=9
[ x; = 1]
So, the coordinates of the point of contact are (1, 9). Hence, the required equation of the tangent
line is
y—9=4(x—-1)
=24x—-y+5=0
Ilustration
Find the equation of tangent to the curve y = x® + 2x + 6 which is perpendicular to the line x +
14y +4=0.
Solution
Let the coordinates of the point of contact be (x1, y1).
Then

yi=x3+2x; +6....(0)

[ (x1,y,) liesonliney = x3 + 2x + 6]
The equation of the curve is

y=x34+2x+6
Differentiating with respect to x, we get

D —3x2 42

dx

dy 2
= (= = 3x{ + 2
(de)(xl,yl) 1

Since the tangent at (x4, y1) is perpendicular to the line x + 14y + 4 =0,
Therefore,
slope of the tangent at (x;,y;) X slope of the line = —1

= (Z_z)(xL}ﬁ) X _1_14 =-1

= (3x2 +2) (—i) =-1

14
=>3xf+2=14
=>x; =12
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When

X, =2y, =2°+2x2+6=18
When

xp=-2,y1=(-2234+2x(-2)+6=-6
So, the coordinates of the points of contact are (2, 18) and (-2, -6)
The equation of the tangent at (2, 18) is

y—18 = 14(x — 2)

=>14x—-y—10=0

. d
usingy - y; = () G xl)]
The equation of the tangent at (-2, -6) is
y—6 = 14(x—2)
=>14x—-y+22=0
Ilustration
Show that the curve 4x = y? and 4xy = k cut at right angles, if k?=512.
Solution
Curveare 4x=y% ................ Dand4xy =K ...oooeiiiiiii, (ii)
Eliminating y we get,
k 2
4x =)
= 64x3 = k?
k2/3
> X = T
Putin (i)
y = k1/3
Point of intersection is
k2/3 1/3
(k)
Differentiating (i) with respect to x, we get
a
4= yé
dy _ 2
dx y
dy 2
= E](ﬁ,ﬁﬂ) = PEVERRRURURULE (lll)
—

Differentiating (ii) with respect to x, we get
day _
4(xZ+y.1)=0

dy _ _y
ax x

N d_y] __ k'3xa
dx <%/3_k1/3) ZE
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