ﬂ} KAYSONS EDUCATION
Chapter

3 Pair of straight line

| Day — 1
1. Pair of Straight Line
Let ax + by + ¢1= 0, and axx + bzy + ¢, = 0 are the equation of two straight line.
Then their combined equation is known as Pair of Straight Line.
(aux + by +c1) (ax + by + ¢2) =0
Note:- First make RHS of two lines equal to zero and then multiply the equations.
Ilustration
Find the joint equation of lines.
y=xandy=-X.
Solution
First make RHS =0
ie., y—x=0
and y+x=0
So their combined equation is (y — x).(y + X) =0
Note:- To find the separate equations of two lines when their joint equation is given first of all
make RHS equal to zero and resolve LHS into two linear factors or use Shri Dharacharya Method.
Ilustration
Find the separate equation of lines represented by the equation

Solution
x2—6xy+8y?=0
(x—4y)(x-2y)=0
o) x—4y=0andx -2y =0
or X = 6yiw/(6y;2—4><8y2
x=3y+yv9-8
x=3yty

1.1 Homogeneous Equation in Two Variables
An equation of the form
Ay + a;y" Ix + ay" % + .+ apx, =0
In which sum of powers of x and y in every form is the same, is called an homogeneous equation.
Divided by x" we get,

n n-1 n-2
ao(i—/) +a1(%) x+a2(%) x2+ ..4+a,=0

Above is an equation of n degree in %

let the roots be mz, mz, ms....my
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y —
Then a, (— — ml) (; - mz) (— - mn) =
or y—mx=0, y—myx=0...... y—myx =0
Since ax? + 2hxy + by? = 0 is a homogenous equation of second degree
2
so b(%) +2h(%)+a=0
so two equations are y = m1x and y = m2x are two straight line which pass through origin.
(i) The lines are real and distinct if h? —ab >0
(ii) The lines are coincident if h?—ab =0
(i) The lines are imaginary if h?—ab < 0
1.2 Two Very Useful Identities
ax? + 2hxy + by? = y(y — myx)(y — myx)
Comparing
2h a
m1+m2=_7, m1m2=;
Ilustration
Find the condition that the slope of one of the lines represented by ax? + 2hxy + by? = 0 should be
n times the slope of the other
m1 + m2 = _ZhTh
Solution
Let the lines represented by
ax? + 2hxy + by? = 0 are y = myx and y = mpx
2h .
my+my =——~ . (D)
m1m2 = % e (11)
m2 = nm1
my + nm, = — %
2h
my == ... (iii)
my(nmy) = %
2h 2 _a
n {_ b(1+n)} b
2nh? a
b2(14n2) b
4nh? = ab(1 + n)?
Illustration
Show that the area of the triangle formed by the lines ax? + 2hxy + by?=0and Ix + my + n=0is
n?yh2-ab
lam2—2him+bi?|
Solution
A(— n — nml)andB(_ n — nmz)
l+mmq l+mmy l+mm, l+mm,

1 n nm; n nmq
Area =-|(— - )=\ — _——
2 l+mm, l+mm, l+mm, l+mm,
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n?(my—my)

n2/(m;+my)2—4mym,

2+im(my+my)+m2mym,

Ix+my+n=0

1
2 |12 +im(my+mp)+m2mym,
1
2

n2 (4h2 4a)
bZ b

2 |,2_2him m2a
L
n2yh2-ab

~ lam2-2him+b12|

1.3 Angle between the pair of straight line y = max and ax? + 2hxy + by2=0
tan§ = {Zx/hz—ab}
|la+b|
Let y = mix and y = myx be the line represented by
ax? + 2hxy + by?=0

2h
Then m;+m, = - ump =
Since 4 be the angle between the lines y = mix and y = max
Then tanf = |m1 2
1+mym;
2h a
_ J(mi+my)2-amym, _ (_T)_4(3)
[1+myma;| |1+ |
_ -1 2 hz—(lb
6 = tan { a75] }

(i) Two lines are perpendicular if (a+b)=0 b=-a
Hence perpendicular lines ax? + 2hxy + by> =0
Coefficient of x? + coefficient of y2=0

(ii) Pairs of lines perpendicular to the lines represented by ax? + 2hxy + by? = 0 and through origin

m+m, =—2 mm,=2
1 2 =T 1Mz =7
Y = MmiX, Yy = mX
1
perpendicularto y = ——x y=—x

mz

For perpendicular lines inter charge the coefficient of x2 and y2 and change sigh of xy.

(iii) Condition for the lines to be coincident 6 =0 or ©

—ab=0>h’=ab

if h? = ab then ax? + 2hxy + by? is a perfect square.
Ilustration

Show that the straight lines x? + 4xy + y? = 0 and line x — y = 4 form an equilateral triangle.
Solution

IR

y=(-2+V3)x
OP=y+(2-V3)x=0
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0Q=y+(2+V3)x=0
Slope of PQ = 1, slope of OP = —(2 - \/§) if£P0OQ = « :
tana = |1 ( 2+\/_)| 0 —-y=4
1-2+V3 0P
a = 60°
[0}
Ilustration

Show that the condition that two of the three straight lines represent by ax® + bx?y + cxy? + dy® =0
may be at right angle if a2+ ac + bd + d2=0

Solution

Let y = mix, y = mxx be the lines represented by the equation ax3 + bx?y + cxy? + dy® = 0. Then
ax® + bx%y + cxy? + dy® = d[(y — myx)(y — myux)(y — m3x)] N ()
On equating the coefficients of x3, x?y and xy? on both sides, we get

m1+m2+m3 2_2, mim, +m2m3 +m3m1=_

a .
mymymz = —~ . (i)

Let the perpendicular lines be y = mix, y = myx, then

m1m2 = _1

ms =§ o (D

Putting y = max in equation (i), then
ax® + bmsx® + cm2x3 +dm3x3 =0
dm3 +cm2+bms;+a=0
a 3 a 2 a
a3) +c(@) +p(§)+e=0

a’+ac+bd+d*=0

1.4 Bisectors of the Angle Between the Lines Given by a Homogeneous Equation.
2_.,2

ax®+2hxy + by> =0 = Angle Bisector xa_z = %

or hx?—(a—b)xy—hxy—hy?=0

i.e., coefficient of x? + coefficient of y? =0

Hence the bisectors of the angle between the lines are always perpendicular to each other.
> If a = b bisector x> —y>=0
ie,x—y=0o0rx+y=0

> If h =0 bisector are xy =0
i.e,x=0,y=0
Illustration

Find the equation of the bisectors of the angle between the line represented by 3x2 — 5xy + 4y> =0
Solution
Given equation is

3x2 —5xy+ 4y =0 . (D)
Comparing it with the equation
ax? + 2hxy + by? =0 .. (i)
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Thena=3,h=-5/2,b=4

Hence equation of bisectors of the angle between the pair of the lines (i) is
2 2

xT-ys _xy
3-4 3
2
= x?-y? _ 2xy
-1 -5
= 5x2 — 2xy — 5y% = 0.
Ilustration

Show that the line y = mx bisects the angle between the lines ax? — 2hxy + by? =0 if
h(1-m®)+m(a—b)=0
Solution
Equation of pair of bisectors of angles between lines ax? — 2hxy + by? = 0 is
x%-y%  xy

a—b —h
> —h(x? —y?) = (a — b)xy v (@
but y = mx is one of these lines, then it will satisfy it. Substituting y = mx in (i)
—h(x? —m?x?) = (a — b)x.mx
Dividing by x2,
h(1—m?)+m(a—b)=0
Ilustration
If pairs of straight line x> — 2pxy — y? = 0 and x? — 2gxy — y? = 0 be such that each pair bisects the

angle between the other pair. Prove that pg = - 1.

Solution

According to the question, the equation of the bisectors of the angle between the lines
x2=2pxy —y?>=0 o (D)

or x2 = 2pxy —y?> =0 .. (i)

~The equation of bisectors of the angle between the lines (i) is
xz_yz _xy
1-(-1) -p

> —px?—2xy+py*=0 ... (iii)

Since (ii) and (iii) are identical, comparing (ii) and (iii), we get

A _2a_ 1
-p 2 P
= pqg=-1

Online Question Practice
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