Kaysons Education Determinants

Definition
Consider the equations

aX + b]_y = 0, a2X+ bzy =0
ai y _az

These give ——===
g b1 X bz,

Hence = =22 or a;b, — a;b; =0

by by

We shall express the above eliminant as
a; by

o b= (&)

We have suppressed the letter x and y to be eliminated and enclosed their coefficient as above in
two parallel lines. The left hand member of (A) is called a determinant of second order and its
value as we have seen is a;b, — asb;.

Aid to Memory

Similarly a determinant of 3" order will consist of 3 rows and 3 columns enclosed in two verticals
lines and is thus of the form

a, b
a, b, ¢ ..(B)
az bz ¢

It can be seen that this determinant is the eliminant of x, y, z from the equations
aix+by+cz=0
ax + by +cz=0
azx + b3y +c3z=0

The value of determinant (B) is

o P2 e |a2 Cz| a; b
1 b3 C3 1 as C3 1 as b3
= a;(byc3 — b3cy) — by (ayc3 — azcy) + ¢ (azbs — azh,) - (1)

Py
c
)

a;(determinant obtained by removing the row and column intersecting at a;)
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— by (determinant obtained by removing the row and column intersecting at b,)
+ ¢, (determinant obtained by removing the row and column intersecting at c,)
Above is called expansion of the determinant w.r.t. first row.

Expansion With Respect to First Column

bz Cy _ bl Cq1 bl 1
Ybs ¢ 2lb; 5 = b, ¢
= ay(byc3 — b3cy) — ay(bicz — bzey) + az(byc; — bycy) - (2)

If you compare (1) and (2) term by term you will observe that are same.

Properties
1. The value of determinant is not altered by changing rows into columns and columns into rows.
1 1 1 1 x x2
eg.|x ¥ zZ[=[1 y y?
x* y* z? 1 z 2z°

2. If any two adjacent rows or two adjacent columns of a determinant are interchanged the
determinant retains its absolute value but change its sing

1 1 1 x 'y z
eglx y z|=-|1 1 1
xZ yZ ZZ xz yz Zz

Here we have interchanged 1% and 2™ rows and hence changed the sign.

3. If any line of a determinant A be passed over p parallel lines the resultant determinants is (-1)°

A.

1 1 1 1
Xy z y
€.g-1 ,2 yz 72 42
x3 y3 73 2
x3 Y3 23 3
1 1 1 1
= (-1)3 xy z u
xZ yZ 22 uz
X2 y? z? 2

1 1 1
=D, i
x3 yd 23 3
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X y Z u

1 1 1 1

= (=D ,2 y2 72 2
PR B

Determinants

In the first we have crossed fourth row over three parallel rows and hence (—1)°and in the second
we have crossed 3" row over two parallel rows and hence (~1)? and in the last we have crossed 2™
row over one parallel row and hence (— 1)%. Similarly is the rule for crossing any column over

other columns.

4. If any two rows or two columns of a determinant are identical then the determinant vanishes.

Thus
a3 G G
a; € G| =
az €3 C3

0

5. If each constituent in any row or in any column be multiplied by the same factor then the

determinant is multiplied by that factor
pa; by
pa; b, ¢
paz bz c3
We have taken p common from 1* colu
a; by
qa; gb; qc;
raz rb; rc3
We have taken g and r from the 2™ and

¢

C1

=qr

a
az
az

C1
C2
C3

p

mn.
a
az C2
az bz ¢
3" rows respectively.

C1

6. If each constituent in any row or column consists of r terms then the determinant can be

expressed as the sum of r determinants.
25} + aq b1 C1 aq bl C1
a, + a, b2 Gl = 1|ay bz Cy +
az+as by c3 a3 by c3

Thus
a b ¢ a; by gta+p
a, b, cland |a, by, c;+a,+ 6,
as bz c3 az by czt+az+ P
ap by ¢ a b a; b
a, b, c|+ |a; by, ay|+ |la, b,
az by ¢ az bs az az bs

B
B2
Bs

7. If from each constituent of a row (or column) of a determinant are added or subtracted the equi
— multiples of the corresponding constituent of any other row (or column) the determinant remains

unaltered.

e.g. consider A =

a; by
a; by ¢
az by ¢
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Now suppose we add to 1% column, p times the corresponding elements of 2™ column and subtract
q times of the corresponding elements of 3" column then the value of the determinant remains

unaltered
Thus
a; + pby —qe by ¢
a, + pby—qc; by | =A
az+ pbs —cqs by ¢
a b g
a, b, ¢+ p.0—q.0 ..(4)
az bz c3
Illustration
Evaluate the determinant without expansion as far as possible.
43 1 6
35 7 4
17 3 2
Solution
76+1 1 6
A=1|74+7 7 4
72+3 3 2
6 1 6 1 1 6
=714 7 4|+ |7 7 4
2 3 2 3 3 2
=704+0=0
Both the determinants are zero because of identical columns.
Ilustration
Evaluate the determinant without expansion as far as possible.
1 w ?
w w? 1
0w 1 w

Where w is an imaginary cube root of unity.

Solution
We know that if o is a cube root of unity then 1+ » + ®* =0 and o’= 1 and © 4 = ©°. © = o etc.
Hence applying C; + C, + C; we see that each element of the first column because 1 + o + ® i.e.

zero
A=0.
Ilustration
Evaluate the determinant without expansion as far as possible.
1 a b+c
1 b c+a
1 ¢ a+b
Solution

Apply C3+ C,etc.,, A=0
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Ilustration
b%2c2 bc b+c
Evaluate |c2a® ca c+a
a’b? ab a+b
Solution

Multiply Ry, Ry, Rz by a,b,c respectively and hence divided by abc.
(abc)bc abc a(b+c)
A= i (abc)ca abc b(c+a)
(abc)ab abc c(a+b)
bc 1 ab+ac
ca 1 bc+ba
ab 1 ca+ch

_ (abc)?

abc

Apply C; + C; and take out Y ab and then C, and C; become identical.

A=0.

Ilustration
1 log,y log,z
Evaluate: [log,x 1  log,z
log, x log,y 1

Solution
Answer =0

log m
log, m = —=—.
En log n

Hence each row becomes

log xlogylogzi.e. identical.
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