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Day – 1 

 

1. Statement of Binomial Theorem for Positive Integral Index 

     𝑥 + 𝑎 𝑛 = 𝑥𝑛 + 𝐶𝑛
1   𝑥𝑛−1 𝑎1 + 𝐶𝑛

2 𝑥𝑛−2 𝑎2 + ⋯  

                           + 𝐶𝑛
𝑟  𝑥𝑛−𝑟  𝑎𝑟 + ⋯ + ⋯ + 𝐶𝑛

𝑛−1 𝑥 𝑎𝑛−1 + 𝐶𝑛
𝑛  𝑎𝑛   

If the binomial be x – a then the terms in the expansion of  𝑥 − 𝑎 𝑛  will be alternaterly + ive 

and – ive.  

 

2. General Term, Tr + 1 

         𝐶𝑛
𝑟  𝑥𝑛−𝑟 . 𝑎𝑟                               for  𝑥 + 𝑎 𝑛   

     or     𝐶𝑛
𝑟  𝑥𝑛−𝑟   −𝑎 𝑟 .                      for  𝑥 − 𝑎 𝑛   

The index of x is n – r and that of a is r i.e. sum of the indices of x and a in each term is 

same i.e., n . 

         𝐶𝑛
𝑟   I 𝑛−𝑟   II 𝑟    

 

3. (a) Binomial Coefficients of Terms Equidistant From the Beginning and the are Equal 

         Since  𝐶𝑛
𝑟 = 𝐶𝑛

𝑛−𝑟 ,  

         ∴                 𝐶𝑛
0 = 1 = 𝐶𝑛

𝑛  , 𝐶𝑛
1 = 𝐶𝑛

𝑛−1 ,  

  𝐶𝑛
2 = 𝐶𝑛

𝑛−2  etc.  

     𝐛  𝐶𝑛
𝑟 + 𝐶𝑛

𝑟−1 = 𝐶𝑛+1
𝑟   

     𝐜  𝐶𝑛
𝑟 = 𝐶𝑛

𝑝  ⟹ either 𝑟 = 𝑝 or 𝑟 + 𝑝 = 𝑛  

     𝐝  −
𝐶𝑛
𝑟

𝐶𝑛−1
𝑟−1

=
𝑛

𝑟
  

     𝐞  𝐶𝑛
𝑟  is gratest when 𝑟 =

𝑛

2
,  𝑛 being even   

     𝐟  𝐶𝑛
𝑟  is greatest when 𝑟 =

𝑛−1

2
 or

𝑛+1

2
  

          𝑛 being odd  and 𝐶𝑛
(𝑛+1)/2 = 𝐶𝑛

(𝑛−1)/2  

 

4. Number of Terms and Middle Term 

  The number of terms in the expansion of (x + a)
n
 is n + 1.  

     If n = 6 the number of terms will be 6 + 1 = 7 and the middle will only one i.e. 4
th
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𝑖. 𝑒.
6

2
+ 1 = 4.  

If n = 7 the number of terms will be 7 + 1 = 8 and in this case there will be 2 middle 

terms i.e. 4th and 5th 

  
7+1

2
= 4 and

7+3

2
= 5.  

   Hence if n is even there will be only one middle term 𝑖. 𝑒. ,  
𝑛

2
+ 1 th.   

   If n is odd then there will be two middle terms  

    𝑖. 𝑒. ,  
𝑛+1

2
 th and  

𝑛+3

2
 th.  

 

5. Values of Binomial Coefficients 

 𝐶𝑛
0 = 1, 𝐶𝑛

1 =
𝑛!

 𝑛−1 !.1!
= 𝑛.  

 𝐶𝑛
2 =

𝑛!

 𝑛−2 !.2!
=

𝑛 𝑛−1 

2!
,  

 𝐶𝑛
3 =

𝑛 𝑛−1 (𝑛−2)

3!
  

    and in general.  

              𝐶𝑛
2 =

𝑛 𝑛−1  𝑛−2 … 𝑛−𝑟+1 

𝑟!
  

        1 + 𝑥 𝑛 = 1 + 𝐶𝑛
1 𝑥 + 𝐶𝑛

2 𝑥2 + ⋯ + 𝐶𝑛
𝑟  𝑥𝑟 + ⋯ + 𝐶𝑛

𝑛  𝑥𝑛 .  

 

6. Term Containing x
r
 will occur in Tr + 1 for (1 + x)

n
 and it will be 𝑪𝒏

𝒓 𝒙𝒓  

𝟕.  
𝑻𝒓+𝟏

𝑻𝒓
 𝐟𝐨𝐫  𝒙 + 𝒂 𝐧  

   
𝑇𝑟+1

𝑇𝑟
=

𝐶𝑛
𝑟  𝑥𝑛−𝑟  𝑎𝑟

𝐶𝑛
𝑟−1  𝑥𝑛−𝑟+1 .𝑎𝑟−1  

                     =
𝑛!

𝑟! 𝑛−𝑟 !

 𝑟−1 ! 𝑛−𝑟+1 !

𝑛!

𝑎

𝑥
  

                     =
𝑛−𝑟+1

𝑟
 .

𝑎

𝑥
                                               …  1   

   Greatest term in (1 + x)
n
, n > 0  

             Evaluate 𝑚 =  
𝑥

𝑥+1
   𝑛 + 1   

In case m is an integer, then Tm and Tm + 1 will be equal and both these will be numerically 

the greatest terms.  

In case m is not an integer, then evaluate [m]i.e. greatest integer, then T[m] + 1 will be the 

greatest term.  

 

8. (i) Term Independent of x in the Expansion of (x + a)
n
 

Let Tr+1 be the term independent of x. Equate to zero the index of z and you will find the 

value of r.  



Kaysons Education Binomial Theorem 

 

  
Page 95 

 
  

   (ii) Terms Equidistant From the Beginning and End of the Binomial Expansion  𝒙 + 𝒂 𝒏 

   𝑇𝑟+1from begining of  𝑥 + 𝑎 𝑛 = 𝐶𝑛
𝑟𝑥

𝑛−𝑟𝑎𝑟   

 𝑇𝑟+1from end of   𝑥 + 𝑎 𝑛  is Tr+1 from beginning of  𝑥 + 𝑎 𝑛  (binomial reversed) and is 

equal to 𝐶  
 𝑛

𝑟𝑎
𝑛−𝑟𝑥𝑟 . 

 

Illustration  

Find the term independent of x in the expansion of   3x −
2

x2 
15

  

Solution  

 Let 𝑇𝑟+1 be independent of x, i. e. index of x is zero.  

  3𝑥 −
2

𝑥2 
15

 

 𝑇𝑟+1 = 𝐶𝑟
15   3𝑥 15−𝑟  −

2

𝑥2 
𝑟
 

                      =  −1 𝑟  𝐶𝑟  315−𝑟 . 2𝑟 .15 𝑥15−𝑟−2𝑟 .                                        . . . (1) 

             The index of x is 15 - 3r = 0 ∴ r = 5.  

             Hench the 6
th
 term is the required term . putting  

                    r = 5in (1), we get 

                 𝑇6 =  −1 5 𝐶15
5

31025𝑥0 

                     = 31025.
15!

5!(10)!
 

                     = 31025.
15×14×13×12×11

5.4.3.2.1
 

                     =  3003  31025.  

 

Illustration  

                 Find the coefficient of 𝑥10  and x9 in the expansion of  2𝑥2 −
1

𝑥
 

20
  

Solution  

 𝑇𝑟+1 =  𝐶𝑟
20  2𝑥2 20−𝑟  −

1

𝑥
 
𝑟
 

          =  −1 𝑟  20𝐶𝑟  220−𝑟  𝑥40−2𝑟−𝑟  

∴     40 - 3r = 10      or      9 

∴     3r = 30        or       31.  

∴      r = 10, the other value does not give integral value of r so that there will be no term 

of x
9
.  

 Putting r = 10, 

 𝑇11 =  −1 10  20𝐶10  220−10  𝑥40−30 

                    =
(20)!

(10)!(10)!
210𝑥10 
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             Hence the required coefficient is 
(20)!

(10)!(10)!
. 210 .  

Illustration  

 Find the coefficient of x7 in  𝑎𝑥2 +
1

𝑏𝑥
 

11

 and of  𝑥−7 in  𝑎𝑥 +
1

𝑏𝑥2 
11

 . 

  and find the relation between a and b so that these coefficients are equal.  

Solution   

 Coefficient of 𝑥7 in  𝑎𝑥2 +
1

𝑏𝑥
 

11
 is 𝐶5

11 𝑎6  

𝑏5  

              Coefficient of 𝑥−7 in  𝑎𝑥 −
1

𝑏𝑥2 
11

 is 𝐶6
11 𝑎5  

𝑏6  

              In case these Coefficient are equal, then  

  
𝑎6

𝑏5 =
𝑎5

𝑏6  
    or a =

1

b
      or     ab = 1  

 ∴  𝐶5 = 𝐶6
1111  . 

 

Illustration  

  For what value of r the coefficients of (r - 1)
th
 and (2r + 3)

rd
 terms in the expansion of 

  (1 + x)
15

 are equal ? 

Solution 

  T𝑟−1 =𝑛 𝐶𝑟−2 . 𝑥
𝑟−2

       ∴    Coeff. is Cr−2
n  .          

                T2+3 =𝑛 𝐶2𝑟+2 . 𝑥
2𝑟+2    ∴    Coeff. is Cr−2

n  .       

                Now  𝐶𝑟−2 𝑛 𝐶2𝑟+2
𝑛 .  

                But if 𝐶𝑝
𝑛 = 𝐶𝑞

𝑛  then 𝑝 + 𝑞 =  𝑛 

                ∴       𝑟 − 2 + (2𝑟 + 2) =  𝑛 =  15  

                or     3r = 15      ∴    r = 5. 

 

Illustration 

If the coefficient of 4th and 13th terms in the expansion of  𝑥2 +
1

𝑥
 
𝑛

 be equal then find 

the term which is independent of x . 

Solution 

           C3 =  cn
12   ⟹ n = 15n  

   𝑥2 +
1

𝑥
 

15 
 

we have to find the term independent of x .it will be 11th term 

            𝑇11 = 𝐶10
15  𝑥2 5  

1

𝑥
 

10
= 𝐶5

15 = 3003. 

  

Illustration 
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In the binomial expansion of  a − b n  , n ≤ 5, the sum of the 5th and 6th terms is zero . 

Then  a/b equals.    

              (a) 
𝑛−5

6
                                          (b) 

𝑛−4

5
  

              (c) 
5

𝑛−4
                                          (d) 

6

𝑛−5
                                              

Solution 

           Ans.(b) 

                   𝑇5 +  𝑇6 = 0 

           ⟹   𝐶4 𝑎𝑛−4 −𝑏 4 + 𝐶5
𝑛  𝑎 𝑛−5  −𝑏 5 = 0𝑛   

             ∴       
𝐶5

𝑛

𝐶5
𝑛 =  −

𝑎𝑛−4

𝑎𝑛−5  .
𝑏4

−𝑏5 =
𝑎

𝑏
               

             or    
𝑛−4

5
=

𝑎

𝑏
         

                     
𝑪𝟓

𝒏

𝑪𝟒
𝒏 = coeff. of 

T6

T5
 =  

𝑛−𝑟+1

𝑟
=  

𝑛−4

5
 for r = 5   

 

Illustration 

               If x
p
 occurs in the expansion of  𝑥2 +  

1

𝑥
 

2𝑛
 prove that its coefficient is 

 
 2𝑛 !

 
1

3
(4𝑛−𝑝) ! 

1

3
(2𝑛+𝑝) !

  . 

Solution 

               𝑇𝑟+1 = 𝐶𝑟
2𝑛  𝑥2 2𝑛−𝑟 .  

1

𝑥
 
𝑟
 

                Index of x is 4n- 2r- r = p 

            ∴      𝑟 =  
4𝑛−𝑝

3
 which should be an integer. 

           ∴ Coefficient is 

                          𝐶4𝑛−𝑝

3
= 

2𝑛  2𝑛 !

 (2𝑛+𝑝)/3 ! 
1

3
(4𝑛−𝑝)/3 !

 .                                 

Illustration  

  For 2 ≤ 𝑟 ≥ 𝑛,  
𝑛

𝑟
 + 2  

𝑛

𝑟−1
 +  

𝑛

𝑟−2
  = 

 a  
𝑛+1

𝑟−1
                              b  2  

𝑛+1

𝑟+1
   

  c   2  
𝑛+2

𝑟
                            d   

𝑛+2

𝑟
  

 

Solution 

                𝐶𝑟 + 2 𝐶𝑟−1 + 𝐶𝑟−2   𝑛  𝑛  𝑛  

                 𝐶𝑟 + 𝐶𝑟−1
𝑛𝑛  +  𝐶𝑟−1 + 𝐶𝑟−2

𝑛𝑛     

               𝐶𝑟 + 𝐶𝑟−1 =  𝐶𝑟  ⇒  𝑑 .𝑛+2𝑛+1𝑛+1  


