Kaysons Education Complex Number

Complex Number

Day -1

Complex Numbers

A complex numbers may be defined as an ordered pair of real numbers and may be denoted by the
symbol (x, y). If we write z = (X, y), then X is called the real part and y the imaginary part of the
complex number z and may be denoted by Re(z) and Im(z) respectively.

It is clear from the definition that two complex numbers (x, y) and (x’, y’) are equal if and only if
x =x"and y = y’. We shall denote the set of all complex numbers by the letter C.

Sum of two complex numbers
The sum of two complex numbers (x, y) and (x’, y’) is defined by the equality

X+, y)=x+x,y+y’)

Product of two complex numbers
The product is defined by the equality
(%, y) (X, ¥) = (xx" —yy", Xy’ + yx')
The symbol i(iota):
» iisthe square root of the real number — 1.
» Itis customary to denote the complex number (0, 1) by the symbol i.
With this notation
i2=(0,1) (0, 1)
=(0.0-1.1,01+1.0)=(-1,0)
So that i may be regarded as the square root of the real number — 1.
Using the symbol I, we may writ the complex number (X, y) as x + iy. For, we have
X+iy=(x,0)+(0,1)(y,0)
=(x,0)+(0.Y-10,00+1y)
=(x0)+(0,y)=(x+0,0+y)=(x,y).

Remark:-
g i =+v—1andi%? = —1, we have
(V=1)" =v=1.v=1=-1 ()
Again since
(Va.v=1)" = [Va.v=1] x Va.v=T]

= (Va)’ . [V=1]" = a(-1) = —a ... (i)
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Hence v—a means the product of v/a and +/—1. Thus a pure imaginary numbers can be expressed
as the product of =1 and a real numbers. Students must note carefully the results (i) and (ii).
Keeping these results in view following computation is correct.
V=a.vV-b =Va.v-1.vb.V-1
= VavB(V=1)" = —Vab
But the computation

v—a.v=b = ,/(—=a)(=b) = Vab is wrong.

Difference of two complex numbers
The difference of two complex numbers z = (x, y) and z’ = (x’, y’) is defined by the equality
2-7=z+(=2)=xy)+(x"—y)
=@+ () y+ =y =@x-x,y-y)

Division of two complex numbers
It is defined by the equality
z/z' = z(z) 7!, provided
z # (0,0)
we have Zi =(x,y)(x,y)!

X, y'
) (F —57)

_( xx' yy' xy' yx' )

Xx24y2 U 32192’ x23y2 ' xZiy?

_ (xx'+yy' yx,—xy()
T 32y 7 %22
provided x?+y? #0

Modulus and argument of a complex number
Let z = x + iy be any complex number.
Ifx =rcos@,y =rsinf,thenr = +,/x2 + y2 is called the modulus of the complex numbers z
written as |z| and @ = tan!(y/x) is called the argument or amplitude of z written as arg. z.
It follows that |z =0 if and only if x =0 and y = 0.
Geometrically, |z is the distance of the point z from the origin.
It can be easily proved that
|z|? = ||
Rez < |z|and Im (2) < |z|
Also argument of a complex number is not unique, since if 6 be a value of the argument, so also is
2nm+ 0, wheren =0,+1,+2,......
The value of argument which satisfies the inequality
-T<0<m
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is called the principal value of the argument. We remark that the argument of 0 is not defined.

Remark:-
It is evident from the definition of difference and modulus that |z; — z,| is the distance between the

points z; and z,. It follows that for fixed complex number zq and real number r, the equation |z —
Zo| = r represents a circle with centre z and radius r.

Polar form of a Complex Number
If r is the modulus and 6 the argument of a complex numbers z, then z = r(cos 6 + i sin @) is the
polar form or trigonometrical form of z.

ince e = cos isin @, we can write z = re‘®. This i W X i z.
S it 0+ 0 t ® This is known as the exponential form of
i0

x+iy=z=r(cosf +isinf) =re
Imz Rez . Im z
,c0s0 = —,sinf =
Re z |z| |z
A complex numbers whose modulus is unity, i.e.
r = can be written as z = e”.
The geometrical representation of complex numbers
We represent the complex numbers z = x + iy by a point P whose Cartesian co-ordinates are (X, Y)
referred to rectangular axes OX and QY, usually called real and imaginary axes respectively.
Clearly the polar co-ordinates of P are (r, 8) where r is the modulus and 6 the argument of complex
number z. The plane whose points are represented by complex numbers is called Argand plane or

Argand diagram. It is also called Complex plane or Gaussian plane.

tanf =% =
X

Y
A
P(x +1y)
5 y
(i} < = >X

Note:-
The complex number z is known as the affix of the point (X, y) which represents it.

Vector representation of complex numbers
If P is the point (X, y) on the argand plane corresponding to the complex number z = x + iy
referred to OX and OY as co-ordinate axes, the modulus and argument of z are represented by the

magnitude and direction of the vector opP respectively and vice-versa.

The points on the argand plane representing the sum, and difference of two complex numbers.
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Sum:- Let the complex numbers z; and z, be represented by the points P and Q on the argand
plane.

P(x+1iv)

Sy
>X

) ' M
Complete the parallelogram OPRQ. Then the mid-points of PQ and OR
Avre the same. But mid-point of PQ is

v
R(z; + z,)

Q(Zz)

P(Zl)

0]

(X1+X2 y1+)’2)
2 72

So that the co-ordinates of R are (X; + Xa, Y1 + Y,). Thus the point R
corresponds to the sum of the complex numbers z; and z,.
In vector notation we have

z,+2,=0P+0Q = 0P +PR =0R (D)

Difference:- We first represent —z, by Q’ so that QQ’ is bisected at O. Complete the parallelogram
OPRQ’’. Then the point R represents the complex number z; — z, since the mid-point of PQ’ and
OR are the same. As OQ is equal and parallel to RP, we see that ORPQ is a parallelogram, so that

—_— —

OR = QP.
Thus we have in vectorial notation

Zl_Z2=ﬁ_O_Q)=aj+Q—O>
=0P+PR=0R=QP ... (i)

It follows that the complex numbers z; — z, is represented by vector Q_15 where the points
P and Q represent the complex numbers z; and z, respectively.
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Q(z0)

0 P(z,)

Q-(— 22) R(Zl_zl)

Conjugate to complex numbers
If z = x + iy, then the complex numbers x — iy is called the conjugate of the complex number z and
is written as z. It is easily seen that numbers conjugate to z; + z, and z; z, are z; + z; and 7; Z,
respectively.
Also we have,
|z|? =zZ,2x =2Re(z2) =z+Z
20y =2ilm(z) =z—7Z.
It is clear that |z | = |z|, (Z) = z. Geometrically, the conjugate of z is the reflection (or image) of
z in the real axis. If (r, 8) are polar co-ordinates of P, then the polar co-ordinates of its reflection
P’ are (r, —0) so that we have amp z = —amp Z.
Conjugate of a + be®:-
Conjugate of a + be'® is not a — be'® buta + be™®
as shown below
a+be® =a+b(cosh +isinb)
=(a+bcos) +ibsinf (2)0 X
Its conjugate is (a + b cos ) — ibsin 8
=a+ b(cos@ —isinf) = a + be™™®

Q(z,)

P(Z1)

Note:-
T=—i,1z=—-i2Z
Illustration
, ﬂ 2 2N2 a2+b2
Ifx +iy= (Hib),prove that (x* + y9)* = R
Ilustration
(a): — If x = —5 + 2v/—4, find the value of x* + 9x® + 35x° — x + 4.
(c):—Ifx = _5+N§, prove that

2
(X% + 5x)? + x(x + 5) = 42
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IHlustration

If z=z + iy and z* = a— ib, then show that g —% = 4(a® — b?).

The following relations be committed to memory

i4 — 1'l-4n — 1’i4n+1 =i

i4n+2 — iZ — —1,i4n+3 — i3 = —i

A+i)?=1+i*+2i=2i
(1-1?=conj.=—2i,1+i*=0,1—-i>=2
1+ A+)* 20 . =i _1_

= = =1 o =
1—i 1-i2 2 1+i i

Ilustration
Simplify the following:
@: =425 ()

Solution
B-i)2-i)+@B+i)(2+i)
(a):— 441

=l6-5i+i)+(6+5i+i)]=2=2.

L 3a-0 2@+ | 2(1+)
(b): 2 4+1 + 2

= %[15(1 - -4+ +101+D)] = %(17 - 9i0).

lHlustration
The real part of (1 +1)2/(3 —1i) is
(@ -1/5 (b) 1/3
(c) -1/3 (d) none of these.
Solution
A+)? _ 1+i%+2i _ 2i(3+) _ 6i—2
3—i  3—i  32-i2 7 10
a+®y _ 2 _ 1
Re( 3 )__E__E'
Hlustration
2i \2
()
(@1 (b) 2i
©1-1 (d)1-2i
Solution
The correct option is b.
4i .
— = 20
2i

Complex Number
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